Introduction
Let V be a discrete valuation ring of mixed characteristic (0, p), let X be a smooth scheme over V , and let i : Y → X be the inclusion of the special fiber. We proved in [2, theorem 4.2.6 ] that for all integers q and all v ≥ 1, the cyclotomic trace induces an isomorphism Theorem A. Suppose that X is smooth and proper over V . Then for all integers q and all v ≥ 1, the cyclotomic trace
is an isomorphism.
The left hand term is the abutment of a strongly convergent spectral sequence
from the cohomology of the sheaf on the smallétale site X et associated with the presheaf which to U → X assigns K −t (U, Z/p v ). Similarly, there is a strongly convergent spectral sequence from the continuous cohomology in the sense of [7] of the pro-sheaf on X et associated with the pro-presheaf which to U → X assigns {TC m −t (U ; p, Z/p v )} m∈N . The cyclotomic trace induces a map of spectral sequences and we show that the induced map of E 2 -terms is an isomorphism. The proper base change theorem foŕ etale cohomology implies that for every sheaf of torsion abelian groups on X et , the canonical map
is an isomorphism. Therefore, it suffices to prove the following result, which is valid also if f is not proper. Let d be the relative dimension of X over V and let r be the degree of the Frobenius endomorphism of the residue field of V .
Theorem B. Suppose that X is smooth over V . Then the map of pro-sheaves of abelian groups on Y in theétale (resp. Nisnevich) topology induced from the cyclotomic trace,
is an isomorphism, for all integers q (resp. for all q > d + r).
The first step in the proof of theorem B is to show that the pro-sheaves in question depend only on the formal completion of X along Y . More precisely, the inclusion of the special fiber factors, for all n ≥ 1, through the surjective closed immersion
and we consider the following commutative diagram of pro-sheaves of abelian groups on Y in theétale (resp. Nisnevich) topology
The following result, which generalizes [12] , shows that the left hand vertical map is an isomorphism. The analogous result for topological cyclic homology, which is considerably easier, shows that also the right hand vertical map is an isomorphism.
Theorem C. Let O be a local ring such that (O, pO) is a henselian pair and such that p is a non-zero-divisor. Then for all q ≥ 0 and all v ≥ 1, the map induced from the reduction
is an isomorphism of pro-abelian groups.
The requirement that the ring O be local may be relaxed a bit. It suffices that O have finite stable rank and that SK 1 (O) be zero.
We next consider the commutative diagram of pro-sheaves of abelian groups on Y in theétale (resp. Nisnevich) topology:
The main result of [2] shows that the lower horizontal map is an isomorphism for all integers q (resp. for q > d+r). The following result, which strengthens the main result of [9] to a statement about pro-abelian groups, shows that, as q varies, the pro-sheaves in the diagram above form a long-exact sequence. It follows that also the top horizontal map is an isomorphism for all integers q (resp. for q > d + r). This proves theorem B.
Theorem D. Let R be a (not necessarily commutative) ring and let I ⊂ R be a nilpotent two-sided ideal. Then for all v ≥ 1 and for all integers q, the cyclotomic trace
Unless otherwise stated, all rings considered in this paper will be assumed commutative and unital.
1. K-theory and group homology of henselian pairs 1.1. In this paragraph, we prove theorem C of the introduction. We follow the proof of [12, §3] and make little claim of originality with the possible exception of proposition 1.2.2 below, which replaces loc.cit., corollary 3.4. We first recall the fundamental result of [1] , which we will use below.
A pair (R, I) of a ring R and an ideal I ⊂ R is called henselian if for every commutative diagram of rings,
with fétale, there exists a map h : B → R such that hf = id R and πh = g. The following equivalent criterion for (R, I) to be henselian is useful: for every polynomial f ∈ R[T ] and every rootᾱ ∈ R/I of the reductionf ∈ R/I[T ] such thatf (ᾱ) is a unit, there exists a root α ∈ R of f such that α + I =ᾱ. We note that if (R, I) is henselian and if J ⊂ I is a subideal, then also (R, J) is henselian.
Suppose that (R, I) is a henselian pair. Then the ideal I is contained in the radical of R, and hence for all n ≥ 1, the map induced by the reduction
is surjective. We denote the kernel by GL n (R, I). We recall from [1] that if (R, I) is a henselian pair, and if p is invertible in R, then for all q ≥ 0, the map induced from the reduction
is an isomorphism. By [12, corollary 1.6] , this is equivalent to the statement that for all q ≥ 1, the homology group H q (GL(R, I), Z/p v ) vanishes.
1.2.
Assume now that (R, pR) is a henselian pair and that p is a non-zerodivisor in R. Lemma 1.2.1. Let a ∈ R be a root of f ∈ R[T ] such that f (a) is a unit, and let i ≥ 1 be an integer. Then every g ∈ f + p i R[T ] has a unique root in a + p i R.
Proof. We let B denote the ring
is a unit, we have an R-algebra homomorphism β : B → R/p i R, which maps T to a + p i R. The lemma is equivalent to the statement that in the diagram
Here α is the inclusion of R as the constant polynomials. Since (R, p i R) is a henselian pair, it suffices to show that α is anétale map. But g ∈ f + p i B is a unit since p is in the radical. Proof. We must show that for every polynomial 
which maps (a 0 , . . . , a n ) to the unique root b ∈f + pR of a n T n + · · · + a 0 . The germ of the composite map
is the desired root of α(T ).
For all q, n, v ≥ 1, there exist m ≥ n with the property that for all j ≥ 0, there exists k ≥ j such that for all 0 < t ≤ q, the map induced from the canonical inclusion
is the zero homomorphism.
Proof. We show that for t ≥ 0, there exists continuous homomorphisms
defined in a neighborhood of zero, such that for t ≥ 1, ds t + s t−1 d is the inclusion
Here the chains are viewed as topological groups with a basis for the neighborhoods of zero given by the subgroups
Granting this, we can find m ≥ n such that the s t with 0
And the continuity of the s t means that for all j ≥ 0, there exists k ≥ j such that the restriction of the
We thus obtain a null-homotopy, in homological degrees 1 ≤ t ≤ q, of the canonical inclusion
This proves the proposition.
We view GL n (R[
as a topological group with a basis for the neighborhoods of the unit given by the subgroups GL n (R, p i R), i ≥ 0. Let X cont n,t be the t-fold product of copies of GL n (R[ 
is canonically isomorphic to the group of germs of continuous homomorphisms
defined in a neighborhood of zero. Hence, to define the maps s t above, we may instead define elementss
The requirement that ds t + s t−1 d = ι t is expressed in terms of thes t as follows. For varying t, the X cont n,t form a simplicial space with face maps
It follows that as t varies, the C r (GL(O cont n,t ), Z/p v ) form a cosimplicial group and hence a cochain complex. Let δ denote the coboundary operator. Then the requirement is that ds t + δs t−1 =ι t . Similarly, the equation dι t = δι t−1 expresses that ι t is chain map.
Lets 0 = 0, and assume thats i , i < t, has been constructed. The calculation d(ι t − δs t−1 ) = δds t−1 + δδs t−2 − dδs t−1 = 0 shows thatι t − δs t−1 is a cycle. But by proposition 1.2.2, the pair (O cont n,t , a cont n,t ) is henselian, and [1] and [12, corollary 1.6] then shows that
Hence, there existss t ∈ C t+1 (GL(O cont n,t , a cont n,t ), Z/p v ) such that ds t =ι t − δs t−1 . This completes the proof. 
is a monomorphism.
Proof. We consider the Hochschild-Serre spectral sequences
and the induced filtration {Fil i s H q (GL n (R), Z/p v )} 0≤s≤q of the abutment. The edge homomorphism is equal to the map of the statement, and hence this map has kernel Fil
To prove the corollary, it suffices to show that the composite
is a monomorphism. To this end, we show, inductively, that for all n ≥ 1 and all s < q, there exists i ≥ 1 such that the induced map
is zero. This is trivial for s = −1, and for s = q − 1 is the statement we wish to prove. We assume the statement for s − 1 and prove it for s. Given n ≥ 1, we first use proposition 1.2.3 to choose m ≥ n with the property that for all j ≥ 1, there exists k ≥ j such that for all 0 < t ≤ q, the canonical map
Hence, to finish the proof, it remains only to choose j ≥ 1 such that
is zero. And this is the inductive hypothesis.
Corollary 1.2.5. For all n, v ≥ 1 and q ≥ 0, there exists m ≥ n with the property that for all j ≥ 1, there exists k ≥ j such that the image of
is contained in the image of
Proof. We again consider the spectral sequences E r s,t (n, i) from the proof of corollary 1.2.4. By proposition 1.2.3, we can choose, given n ≥ 1 and q ≥ 0, an m ≥ n such that for all j ≥ 1, there exists k ≥ j such that for all 0 < t ≤ q, the map induced by the canonical inclusion
is zero. It follows that in the diagram
The same statement is true for the group SL.
Proof. Since O is a local ring, the map induced by the canonical inclusion
is an isomorphism, for n ≥ 2q + 1, [11] . The same holds for the rings O/p i O, i ≥ 1. For any m ≥ n and k ≥ j, we have the diagram
We assume that n ≥ 2q + 1 such that the groups are stable. In particular, the left hand vertical map is an isomorphism. By corollary 1.2.5, we can choose m ≥ n such that for all j ≥ 1, there exists k ≥ j for which the image of the lower horizontal map contains, and hence equals, the image of the right hand vertical map. And by corollary 1.2.4, we can choose j ≥ 1 such that the lower horizontal map, and hence also the upper horizontal map, is a monomorphism. This completes the proof.
Goodwillie calculus
2.1. In this paragraph, we prove theorem D of the introduction. By the main result of [9] , the cyclotomic trace induces an isomorphism
for all v ≥ 1 and all integers q, and hence the statement of theorem D is equivalent to the following result.
Theorem 2.1.1. Let R be a (not necessarily commutative) ring and let I ⊂ R be a two-sided nilpotent ideal. Then for all v ≥ 1 and all integers q, the canonical map
Remark 2.1.2. The proof we give below is similar in outline to the proof of the main result of [9] and uses Goodwillie's calculus of functors, [3] , [4] . It would be desirable to have a more direct proof. However, this may not be so easy. For in general, the canonical map
is not an isomorphism of pro-abelian groups. For example, if 1 < n < p − 1 and 1 ≤ v < n, one can identify the restriction
with the canonical projection from a product indexed by s ∈ N 0 of copies of Z/p v to the corresponding product indexed by 0 ≤ s < n.
The topological cyclic homology functor is defined also for simplicial rings. In effect, a simplicial ring determines a symmetric ring spectrum, [2, §1] . We need two properties of this construction:
(i) if A → A is a map of simplicial rings such that the underlying map of simplicial sets is a weak equivalence, then for all integers q, the induced map
(ii) there is a natural spectral sequence
The same statements hold for TC(−; p) and for the corresponding theories with coefficients. The homotopy groups of a simplicial abelian group are canonically isomorphic to the homology of the associated chain complex, [8, theorem 22.1].
Lemma 2.1.3. Suppose that theorem 2.1.1 is true under the added hypothesis that the ideal I be square zero and that the projection R → R/I has a section. Then it is true in general.
Proof. Let A be a simplicial ring, and let I ⊂ A be a simplicial square zero ideal. We further assume that for all n ≥ 0, the projection A n → A n /I n has a section, but we do not assume that these sections respect the simplicial structure. Then, by assumption, the canonical map
is an isomorphism of pro-abelian groups, for all n ≥ 0 and for all integers q. It follows that
is an isomorphism of pro-abelian groups. The spectral sequence, which we recalled above, shows that for all integers q, the canonical map
is an isomorphism of pro-abelian groups. Indeed, in each degree q, the filtration of these pro-abelian groups induced from the spectral sequence is finite.
We now suppose that R is a ring and that I ⊂ R is a square zero ideal, but we no longer assume that the projection R → R/I has a section. Then we can find a simplicial ring A, such that for all n ≥ 0, A n is a free associative ring, and a map of simplicial rings A → R/I such that the underlying map of simplicial set is a weak equivalence. Hence, if we form the pull-back
then A is quotient of A by a square zero ideal I , and for all n ≥ 0, the projection A n → A n has a section (since A n is a free). Therefore, the argument in the beginning of the proof shows that in the diagram
the top horizontal map is an isomorphism of pro-abelian groups. By property (i), the same holds for vertical maps. Hence also the lower horizontal map is an isomorphism of pro-abelian groups.
Finally, if R is a ring and I ⊂ R an ideal, we have a map of cofibration sequences
and the statement now follows by easy induction on n.
2.2.
A tower of spectra is a diagram of spectra indexed by the natural numbers considered as a category with one morphism from m + 1 to m, for all m ∈ N. We say that a tower of spectra {X m } m∈N is pro-n-connected if the tower of homotopy groups {π q X m } m∈N is pro-zero, for all q ≤ n. A map {X m } m∈N → {Y m } m∈N of tower of spectra is pro-n-connected if the tower of homotopy fibers {F m } m∈N is pro-(n − 1)-connected, or equivalently, if the induced map of homotopy groups
is an isomorphism of pro-abelian groups, for q < n, and an epimorphism of proabelian groups, for q = n. A map is a pro-equivalence if it is pro-n-connected, for all integers n.
Let S be a finite set, and let P(S) (resp. P 0 (S)) be the partially ordered set of subsets of S (resp. non-empty subsets of S). A functor X from P(S), viewed as a category under inclusion, to a category C is called an S-cube in C. Following [4, 1.3], we say that an S-cube X of towers of spectra is pro-n-cartesian if the canonical map
is pro-n-connected. It is pro-cartesian if it is pro-n-cartesian, for all integers n.
Here the homotopy limit of a diagram of towers of spectra is formed level-wise.
We need the following generalization of [4, theorem 5.3] . The reader is referred to op. cit. for the definitions and notation.
Theorem 2.2.1. Let η : {F m } m∈N → {G m } m∈N be a natural transformations between towers of ρ-analytic functors from pointed spaces to spectra, and assume that for every map of pointed spaces Y → X, the induced map of differentials
is a pro-equivalence. Then for every (ρ+1)-connected map of pointed spaces f : Y → X, the diagram
Proof. The theorem is proved by repeating the proof of [4, theorem 5.3] . One needs only check that the statements of op. cit., proposition 1.5 (iii) and proposition 1.8 (iii) remain valid for cubes of towers of spectra.
Proof of theorem 2.1.1. According to lemma 2.1.3 it suffices to show the statement when I ⊂ R is a square zero ideal such that the projection R → R/I has a section. We prove a more general statement.
If X is a pointed simplicial set, let Z(X) be the simplicial abelian group which in simplicial degree n is the free abelian group generated by X n modulo the subgroup generated by the base point. If M is an abelian group, let M (X) = M ⊗ Z(X). If S is a (not necessarily commutative) ring and M is an S-bimodule, we let S M be the ring whose underlying abelian group is S × M with multiplication (x, m) · (x , m ) = (xx , xm + mx ).
We show that for every (not necessarily commutative) ring S, every S-bimodule M , and every 0-connected map Y → X of based simplicial sets, the diagram
is pro-cartesian. The original statement is the case where S = R/I, M = I, and where Y → X is the unique map from a two-point set to a one-point set.
We recall from [9, pp. 205-206 ] that the functors TC(S M (−); p, Z/p v ) and
is natural transformation between towers of (−1)-analytic functors from pointed spaces to spectra, and we may employ theorem 2.2.1. The statement follows given the following lemma.
Lemma 2.2.2. For every map of pointed spaces Y → X, the natural map
is a pro-equivalence.
Proof. We prove that the canonical map
is a weak equivalence, and that for all v ≥ 1, the map of homotopy groups with Z/p v -coefficients induced from the canonical map
is an isomorphism of pro-abelian groups. The first of these claims is an easy consequence of the analyticity of the functors TC m (S M (−); p). Indeed, it follows from [3, proposition 1.15 (ii)] that
is roughly 2k-connected, i.e. (2k − c)-connected for some integer c independent of k. This remains true for the induced map of homotopy limits,
Moreover, since homotopy limits commute (up to canonical isomorphism), the canonical map
is an isomorphism. (Recall thatT k X F (Y ) is the homotopy limit of a certain diagram naturally associated with F and Y → X.) The composition of these maps is a roughly 2k-connected map
and the desired weak equivalence now follows by taking the homotopy colimit over k.
The proof of the second claim is more suttle and is based on a number of results from [5] , which we now recall. First, recall from op.cit., proposition 2.1, that there is a natural decomposition
as T-equivariant spectra, and hence, the induced map of C p m−1 -fixed sets
is a weak equivalence. For the purpose of this proof, we will denote the left hand side by TR m (S M ; p). It is proved in op.cit., lemma 2.2, that there are natural maps
• F, and hence i m induces a natural weak equivalence
from the homotopy equalizer of R and F to the homotopy equalizer of R and F . Moreover, the map R takes the ath summand to the (a/p)th summand, and the map F takes the ath summand to the ath summand.
We next consider the natural map
whose sth factor is the composite
Here the map on the left collapses the summands with a different from p s to the basepoint. We write TR m (S M ; p) for the range of p m and define
as follows. The map R takes the sth factor to the (s − 1)st factor by the identity map, for s ≤ 1, and annihilates the factor s = 0. The map F takes the sth factor to the sth factor by the natural inclusion map, for s < m − 1, and annihilates the factor s = m − 1. Clearly,
and hence we get a natural map
from the homotopy equalizer of R and F to the homotopy equalizer of R and F .
There is a natural map
whose sth factor is the iterated Frobenius
It is clear that R • j m = F • j m such that we have an induced map
This map is a weak equivalence.
Finally, it follows from [5, proposition 3.2, lemma 3.3] that there is a natural weak equivalence
where on the left TH(S, M ) is the topological Hochschild homology of the ring A with coefficients in the bi-module M . Concluding, we have a natural chain of maps
and, as indicated, the maps i m , j m and k m are weak equivalences.
The map p m is usually not a weak equivalence, but [5, lemma 2.2] shows that for a k-connected map Y → X, the square
is roughly 2k-homotopy cartesian. Hence the same holds for the square
But for any map Y → X, the induced map S k X Y → S k X X of k-fold fiberwise suspensions is at least (k − 1)-connected, and therefore, the connectivity estimate above shows that p m induces a roughly k-connected map
Hence the induced map of homotopy colimits over k is a weak equivalence, that is
We have thus produced a natural chain of weak equivalences between the tower of spectra {D X TC m (S M (−); p)(Y )} m∈N and the tower of spectra
where the structure maps in the latter are given by p ∨ id. It follows that the map of homotopy groups with Z/p v -coefficients induced from the canonical map
3. Continuity for TC 3.1. It remains to prove that theorem C of the introduction is also valid for topological cyclic homology. We refer the reader to [2, §1] and [6, §1] for a discussion of topological cyclic homology. In fact, the analogous result is valid in a much greater generality. Proposition 3.1.1. Let R be a (not necessarily commutative) ring and assume that p is a non-zero-divisor in R. Then for all m, v ≥ 1 and q ≥ 0, the map induced from the reduction
Proof. We first prove the case m = 1. The statement is that for all v ≥ 1 and all integers q, the map of pro-abelian groups induced from the reduction π q (TH(R), Z/p v ) → {π q (TH(R/p n R), Z/p v )} n∈N is an isomorphism. The topological Hochschild spectrum TH(R) is defined as the realization of a simplicial symmetric spectrum {[k] → TH(R) k }, so there is a natural first quadrant spectral sequence
It will therefore suffice to show that for all k, t ≥ 0 and all v ≥ 1,
is an isomorphism of pro-abelian groups. Let Ho(S) be the homotopy category of spectra. This is a triangulated category with a compatible symmetric monoidal structure given by smash product of spectra. We identify a ring with its EilenbergMacLane spectrum. In the homotopy category, TH(R) k represents the (k + 1)-fold smash product of R. We claim that the map induced from the reduction
is an isomorphism in pro-Ho(S). Here M p v is a Moore spectrum for the group Z/p v . Indeed, one has, for every abelian group A, a natural triangle
and the claim then follows from the diagram
It follows that the induced map of the (k + 1)-fold smash products
is an isomorphism in pro-Ho(S). Hence, the induced map of homotopy groups,
is an isomorphism of pro-abelian groups as desired. This proves the statement for m = 1.
The proof of the general case is by induction on m based on the natural triangle H · (C p m−1 , TH(R)) → TR m (R; p) → TR m−1 (R; p) → H · (C p m−1 , TH(R)) [1] .
The homotopy groups with Z/p v -coefficients of the left hand term are given by a natural spectral sequence Since π t (TH(R) ∧ M p v ) is a trivial C p m−1 -module, the case m = 1 shows that the map of E 2 -terms induced from the reduction R → {R/p n } n∈N is a pro-isomorphism in each bidegree. This completes the proof. is an isomorphism of pro-abelian groups.
